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UNIFIED PRODUCTS OF LEIBNIZ CONFORMAL ALGEBRAS
YANYONG HONG AND LAMEI YUAN
Abstract. The aim of this paper is to provide an answer to the C[∂]-split extending structures
problem for Leibniz conformal algebras, which asks that how to describe all Leibniz conformal
algebra structures on E = R ⊕ Q up to an isomorphism such that R is a Leibniz conformal
subalgebra. For this purpose, an unified product of Leibniz conformal algebras is introduced.
Using this tool, two cohomological type objects are constructed to classify all such extending
structures up to an isomorphism. Then this general theory is applied to the special case when
R is a free C[∂]-module and Q is a free C[∂]-module of rank one. Finally, the twisted product,
crossed product and bicrossed product between two Leibniz conformal algebras are introduced
as special cases of the unified product, and some examples are given.
1
1. Introduction
As non-commutative analogues of Lie algebras, Leibniz algebras were first introduced by
Bloh in [2] and reintroduced later by Loday in [11] during their study on periodicity phenomena
in algebraic K-theory. The name of left (resp. right) Leibniz algebra comes from that the
left (resp. right) multiplication is a derivation. Conformal algebras were introduced in [12] in
order to give an axiomatic description of the operator product expansion (or rather its Fourier
transform) of chiral fields in conformal field theory. Leibniz conformal algebras were introduced
in [5] (see also [8]) and their cohomology theory was investigated in [5, 15]. It was shown in [4]
that Leibniz conformal algebras are closely related to field algebras, which are non-commutative
generalizations of vertex algebras. The notion of a Leibniz pseudoalgebra was introduced and
studied in [14]. As a special class of Leibniz conformal algebras, quadratic Leibniz conformal
algebras were studied in [16]. Recently, all torsion-free Leibniz conformal algebras of rank 2
were classified in [13].
In this paper, we will consider a general extension theory of Leibniz conformal algebras. Let
R be a Leibniz conformal algebra and Q a C[∂]-module. It was stated in [5] that when R is
abelian and Q is a Leibniz conformal algebra, all C[∂]-split central extensions of Q by R (up to
equivalence) can be characterized by the second cohomology group H2(Q,R). We will generalize
this problem to a more general case:
Set E = R ⊕ Q, where the direct sum is the sum of C[∂]-modules. Describe and
classify all Leibniz conformal algebra structures on E such that R is a subalgebra
of E up to isomorphisms whose restrictions on R are the identity maps.
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1The second author is the corresponding author.
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The above problem is called the C[∂]-split extending structures problem. It is a very
general question including the following interesting algebra problem, which appears in the ho-
mological algebra theory:
For two Leibniz conformal algebras R and Q, describe and classify (up to equivalence) all
C[∂]-split exact sequences of Leibniz conformal algebras as follows:
0 // R
i
// E
π
// Q // 0 . (1)
This problem is called the C[∂]-split extension problem. It is a direct generalization of the
central extension problem.
The C[∂]-split extending structures problem for Leibniz algebras, Lie conformal algebras and
associative conformal algebras were solved in [1, 9, 10], respectively. The purpose of the present
paper is to do the same for Leibniz conformal algebras. In this paper, we will provide an answer to
the C[∂]-split extending structures problem as follows: first we will describe all Leibniz conformal
algebra structures on E which contains R as a subalgebra by defining a unified product of R
and a C[∂]-module Q; then we will classify them up to a Leibniz conformal algebra isomorphism
ϕ : E → E such that ϕ acts as the identity on R. In the case whenR = 0, the C[∂]-split extending
structures problem is equivalent to classifying all Leibniz conformal algebras of arbitrary rank.
It is very difficult, even when the rank is 3. For this reason, we will always assume that R 6= 0.
The rest of the paper is organized as follows. In Section 2, the definitions of Lie conformal
algebras and Leibniz conformal algebras are recalled. Also, some necessary concepts including
conformal linear map, conformal bilinear map, module, conformal derivation and conformal
anti-derivation of a Leibniz conformal algebra are reviewed. In Section 3, we introduce the
notion of a unified product of Leibniz conformal algebras. By using this tool, we construct a
cohomological type object to give a theoretical answer to the C[∂]-split extending structures
problem. In Section 4, we apply the general theory developed in Section 3 to the special case
when R is a free C[∂]-module and Q is a free C[∂]-module of rank 1. In Section 5, some particular
cases of the unified product including twisted product, crossed product and bicrossed product
are discussed. Also, some examples are given in details.
Throughout this paper, in addition to the standard notations C, N and Z, we also assume
that all vector spaces, algebras and tensors are over C. Moreover, the space of polynomials in λ
with coefficients in a vector space A is denoted by A[λ].
2. Preliminaries
In this section, some concepts related to Leibniz conformal algebras are recalled.
Definition 2.1. A conformal algebra R is a C[∂]-module endowed with a C-bilinear map
R×R→ R[λ], a× b 7→ [aλb],
satisfying the following axiom (a, b ∈ R):
Conformal sesquilinearity : [(∂a)λb] = −λ[aλb], [aλ∂b] = (∂ + λ)[aλb].
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A Lie conformal algebra (R, [·λ·]) is a conformal algebra satisfying (a, b, c ∈ R):
Skew symmetry : [aλb] = −[b−λ−∂a]; (2)
Jacobi identity : [aλ[bµc]] = [[aλb]λ+µc] + [bµ[aλc]]. (3)
A Leibniz conformal algebra (R, [·λ·]) is a conformal algebra satisfying the Jacobi identity (3).
A Lie (or Leibniz) conformal algebra (R, [·λ·]) is called finite, if it is a finitely generated
C[∂]-module; otherwise, it is said to be infinite.
Remark 2.2. Obviously, all Lie conformal algebras are Leibniz conformal algebras.
The following is straightforward.
Proposition 2.3. Let R = C[∂]x be a Leibniz conformal algebra which is a free C[∂]-module of
rank 1. Then R is either abelian or isomorphic to the Virasoro Lie conformal algebra, namely,
[xλx] = (∂ + 2λ)x.
Suppose that (R, [·λ·]) is a Leibniz conformal algebra. For a ∈ R, if [aλb] = 0 (resp. [bλa] = 0)
for any b ∈ R, then a is called a left-central element (resp. right-central element) of R. The
set of all left-central elements (resp. right-central elements) of R is called the left-center (resp.
right-center) of R.
Definition 2.4. Let U and V be two C[∂]-modules. A left conformal linear map from U to V is a
C-linear map aλ : U → V [λ], such that aλ(∂u) = −λaλu, ∀ u ∈ U . Similarly, a right conformal
linear map from U to V is a C-linear map aλ : U → V [λ], such that aλ(∂u) = (∂ + λ)aλu,
∀ u ∈ U . A right conformal linear map is usually called a conformal linear map in short.
Moreover, let W also be a C[∂]-module. A conformal bilinear map from U × V to W is
a C-bilinear map fλ : U × V → W [λ], such that fλ(∂u, v) = −λfλ(u, v) and fλ(u, ∂v) =
(∂ + λ)fλ(u, v), ∀ u ∈ U, v ∈ V .
Definition 2.5. A module Q over a Leibniz conformal algebra (R, [·λ·]) is a C[∂]-module en-
dowed with two conformal bilinear maps R×Q −→ Q[λ], (a, x) 7→ a ⇀λ x and Q×R −→ Q[λ],
(x, a) 7→ x⊳λ a satisfying the following axioms (a, b ∈ R,x ∈ Q):
a ⇀λ (b ⇀µ x) = [aλb]⇀λ+µ x+ b ⇀µ (a ⇀λ x), (4)
a ⇀λ (x⊳µ b) = (a ⇀λ x)⊳λ+µ b+ x⊳µ [aλb], (5)
x⊳λ [aµb] = (x⊳λ a)⊳λ+µ b+ a ⇀µ (x⊳λ b). (6)
We also denote it by (Q,⇀λ,⊳λ).
Definition 2.6. Let (R, [·λ·]) be a Leibniz conformal algebra. A conformal linear map Dλ :
R −→ R[λ] is called a conformal derivation if
Dλ([aµb]) = [(Dλa)λ+µb] + [aµ(Dλb)], for all a, b ∈ R.
A left conformal linear map Dλ : R −→ R[λ] is called a conformal anti-derivation if
Dλ+µ([aλb]) = [aλ(Dµb)]− [bµ(Dλa)], for all a, b ∈ R.
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It is easy to see that for any a ∈ R, the map (ada)λ, defined by (ada)λb = [a λ b] for any b ∈ R,
is a conformal derivation of R. All conformal derivations of this kind are called inner conformal
derivations. Denote by CDer(R) and CInn(R) the vector spaces of all conformal derivations
and inner conformal derivations of R, respectively.
Similarly, for any a ∈ R, the map (Ada)λ, defined by (Ada)λb = [b λ a] for any b ∈ R, is
a conformal anti-derivation of R. All conformal anti-derivations of this kind are called inner
conformal anti-derivations.
Finally, we introduce the following definition which is important for studying the C[∂]-split
extending structures problem.
Definition 2.7. Let (R, [·λ·]) be a Leibniz conformal algebra, Q a C[∂]-module and E = R⊕Q
where the direct sum is the sum of C[∂]-modules. Set ϕ : E → E be a C[∂]-module homomor-
phism. We consider the following diagram:
R
Id

i
// E
ϕ

π
// Q
Id

R
i
// E
π
// Q
where π : E → Q is the natural projection of E = R⊕Q onto Q and i : R→ E is the inclusion
map. If the left square (resp. the right square) of the above diagram is commutative, we call that
ϕ : E → E stabilizes R (resp. co-stabilizes Q).
Let [·λ·] and [·λ·]
′
be two Leibniz conformal algebra structures on E both containing R as
a Leibniz conformal subalgebra. If there exists a Leibniz conformal algebra isomorphism ϕ :
(E, [·λ·]) → (E, [·λ·]
′
) which stabilizes R, then [·λ·] and [·λ·]
′
are called equivalent. In this case,
we denote it by (E, [·λ·]) ≡ (E, [·λ·]
′
). If there exists a Leibniz conformal algebra isomorphism
ϕ : (E, [·λ·]) → (E, [·λ·]
′
) which stabilizes R and co-stabilizes Q, then [·λ·] and [·λ·]
′
are called
cohomologous. In this case, we denote it by (E, [·λ·]) ≈ (E, [·λ·]
′
).
Obviously, ≡ and ≈ are equivalence relations on the set of all Leibniz conformal algebra
structures on E containing R as a Leibniz conformal subalgebra. We denote the set of all
equivalence classes via ≡ (resp. ≈) by CExtd(E,R) (resp. CExtd
′
(E,R)). It is easy to see that
CExtd(E,R) is the classifying object of the C[∂]-split extending structures problem, and there
exists a canonical projection CExtd
′
(E,R)։ CExtd(E,R).
3. Unified products of Leibniz conformal algebras
In this section, a unified product of Leibniz conformal algebras is defined and used to provide a
theoretical answer to the C[∂]-split extending structures problem for Leibniz conformal algebras.
Definition 3.1. Let (R, [·λ·]) be a Leibniz conformal algebra and Q a C[∂]-module. An extending
datum of R by Q is a system Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ,fλ, {·λ·}) consisting of six conformal
bilinear maps
↼λ: R×Q→ R[λ], ⇀λ: R×Q→ Q[λ],
⊳λ : Q×R→ Q[λ], ⊲λ : Q×R→ R[λ],
fλ : Q×Q→ R[λ], {·λ·} : Q×Q→ Q[λ].
UNIFIED PRODUCTS OF LEIBNIZ CONFORMAL ALGEBRAS 5
Let Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ, fλ, {·λ·}) be an extending datum. Denote by R♮Ω(R,Q) Q = R♮Q
the C[∂]-module R×Q with the natural C[∂]-module action: ∂(a, x) = (∂a, ∂x) and the bilinear
map [·λ·] : (R×Q)× (R ×Q)→ (R ×Q)[λ] defined by
[(a, x)λ(b, y)]
= ([aλb] + a ↼λ y + x⊲λ b+ fλ(x, y), a ⇀λ y + x⊳λ b+ {xλy}), (7)
for all a, b ∈ R, x, y ∈ Q. Since ⊳λ, ⊲λ, ↼λ, ⇀λ, fλ and {·λ·} are conformal bilinear maps,
the λ-product defined by (7) satisfies conformal sesquilinearity. Then R♮Q is called the unified
product of R and Q associated with Ω(R,Q) if it is a Leibniz conformal algebra with the λ-
product given by (7). In this case, the extending datum Ω(R,Q) is called a Leibniz conformal
extending structure of R by Q. We denote by TCL(R,Q) the set of all Leibniz conformal
extending structures of R by Q.
By (7), the following equalities hold in R♮Q for all a, b ∈ R, x, y ∈ Q:
[(a, 0)λ(b, 0)] = ([aλb], 0), [(a, 0)λ(0, y)] = (a ↼λ y, a ⇀λ y), (8)
[(0, x)λ(b, 0)] = (x⊲λ b, x⊳λ b), [(0, x)λ(0, y)] = (fλ(x, y), {xλy}). (9)
Theorem 3.2. Let R be a Leibniz conformal algebra, Q be a C[∂]-module and Ω(R,Q) an
extending datum of R by Q. Then R♮Q is a Leibniz conformal algebra if and only if the following
conditions are satisfied for all a, b ∈ R and x, y, z ∈ Q:
(L1) [aλb] ⇀λ+µ x = a ⇀λ (b ⇀µ x)− b ⇀µ (a ⇀λ x),
(L2) [aλb] ↼λ+µ x = [aλ(b ↼µ x)] + a ↼λ (b ⇀µ x)− [bµ(a ↼λ x)]− b ↼µ (a ⇀λ x),
(L3) x⊳µ [aλb] = a ⇀λ (x⊳µ b)− (a ⇀λ x)⊳λ+µ b,
(L4) x⊲µ [aλb] = [aλ(x⊲µ b)] + a ↼λ (x⊳µ b)− [(a ↼λ x)λ+µb]− (a ⇀λ x)⊲λ+µ b,
(L5) [(x⊲µ a)λ+µb] + (x⊳µ a)⊲λ+µ b+ [(a ↼λ x)λ+µb] + (a ⇀λ x)⊲λ+µ b = 0,
(L6) (x⊳µ a)⊳λ+µ b+ (a ⇀λ x)⊳λ+µ b = 0,
(L7) a ⇀λ {xµy} = {(a ⇀λ x)λ+µy}+ x⊳µ (a ↼λ y) + {xµ(a ⇀λ y)}
+(a ↼λ x) ⇀λ+µ y,
(L8) a ↼λ {xµy} = (a ↼λ x) ↼λ+µ y + fλ+µ(a ⇀λ x, y) + x⊲µ (a ↼λ y)
+fµ(x, a ⇀λ y)− [aλfµ(x, y)],
(L9) (x⊲µ a)↼λ+µ y + fλ+µ(x⊳µ a, y) + (a ↼λ x) ↼λ+µ y + fλ+µ(a ⇀λ x, y) = 0,
(L10) {(a ⇀λ x)λ+µy}+ (a ↼λ x)⇀λ+µ y + (x⊲µ a) ⇀λ+µ y + {(x⊳µ a)λ+µy} = 0,
(L11) {xλy}⊲λ+µ a = x⊲λ (y ⊲µ a) + fλ(x, y ⊳µ a)− [fλ(x, y)λ+µa]− y ⊲µ (x⊲λ a)
−fµ(y, x⊳λ a),
(L12) {xλy}⊳λ+µ a = x⊳λ (y ⊲µ a) + {xλ(y ⊳µ a)} − y ⊳µ (x⊲λ a)− {yµ(x⊳λ a)},
(L13) x⊲λ fµ(y, z) = fλ(x, y) ↼λ+µ z + fλ+µ({xλy}, z) + y ⊲µ fλ(x, z)
+fµ(y, {xλz})− fλ(x, {yµz}),
(L14) x⊳λ fµ(y, z) = fλ(x, y) ⇀λ+µ z + y ⊳µ fλ(x, z) + {{xλy}λ+µz}+ {yµ{xλz}}
−{xλ{yµz}}.
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Proof. Set
J((a, x), (b, y), (c, z)) = [(a, x)λ[(b, y)µ(c, z)]] − [[(a, x)λ(b, y)]λ+µ(c, z)] − [(b, y)µ[(a, x)λ(c, z)]]
for all a, b, c ∈ R, x, y, z ∈ Q. It is easy to see that Jacobi identity holds for (7) if and only
if J((a, 0), (b, 0), (c, 0)) = 0, J((a, 0), (b, 0), (0, x)) = 0, J((a, 0), (0, x), (b, 0)) = 0, J((0, x), (a, 0),
(b, 0)) = 0, J((a, 0), (0, x), (0, y)) = 0, J((0, x), (a, 0), (0, y)) = 0, J((0, x), (0, y), (a, 0))= 0, and
J((0, x), (0, y), (0, z)) = 0 for all a, b, c ∈ R and x, y, z ∈ Q.
Obviously, J((a, 0), (b, 0), (c, 0)) = 0 if and only if R is a Leibniz conformal algebra. Since
J((a, 0), (0, x), (b, 0)) = [(a, 0)λ(x⊲µ b, x⊳µ b)]− [(a ↼λ x, a ⇀λ x)λ+µ(b, 0)]
−[(0, x)µ([aλb], 0)]
= ([aλ(x⊲µ b)] + a ↼λ (x⊳µ b), a ⇀λ (x⊳µ b))
−([(a ↼λ x)λ+µb] + (a ⇀λ x)⊲λ+µ b, (a ⇀λ x)⊳λ+µ b)
−(x⊲µ [aλb], x⊳µ [aλb])
= 0,
we have J((a, 0), (0, x), (b, 0)) = 0 if and only if (L3) and (L4) are satisfied.
With a similar computation, one can easily check that the Leibniz identity is satisfied for (7)
if and only if (L1)-(L14) hold. 
Remark 3.3. By (L1), (L3) and (L6), (Q,⇀λ,⊳λ) is a module of R.
Example 3.4. Suppose that Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ,fλ, {·λ·}) is an extending datum of
a Leibniz conformal algebra R by a C[∂]-module Q with ↼λ, ⊲λ, fλ, and {·λ·} trivial. We
denote this extending datum simply by (⇀λ,⊳λ). Obviously, this extending datum is a Leibniz
conformal extending structure if and only if (Q,⇀λ,⊳λ) is a module of R. The corresponding
Leibniz conformal algebra on R⊕Q is just the semi-direct sum of R and Q.
Theorem 3.5. Let R be a Leibniz conformal algebra and Q a C[∂]-module. Set E = R ⊕ Q
where the direct sum is the sum of C[∂]-modules. Suppose that E has a Leibniz conformal algebra
structure [·λ·] such that R is a subalgebra. Then there exists a Leibniz conformal extending struc-
ture Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ, fλ, {·λ·}) of R by Q and an isomorphism of Leibniz conformal
algebras E ≈ R♮Q.
Proof. Since E = R ⊕ Q, there is a natural C[∂]-module homomorphism p : E → R such
that p(a) = a for all a ∈ R. Then we can define an extending datum Ω(R,Q) = (↼λ,⇀λ
,⊳λ,⊲λ, fλ, {·λ·}) of R by Q as follows (a ∈ R,x, y ∈ Q):
↼λ: R×Q→ R[λ], a ↼λ x = p([aλx]), (10)
⇀λ: R×Q→ Q[λ], a ⇀λ x = [aλx]− p([aλx]), (11)
⊲λ : Q×R→ R[λ], x⊲λ a = p([xλa]), (12)
⊳λ : Q×R→ Q[λ], x⊳λ a = [xλa]− p([xλa]), (13)
fλ : Q×Q→ R[λ], fλ(x, y) = p([xλy]), (14)
{·λ·} : Q×Q→ Q[λ], {xλy} = [xλy]− p([xλy]). (15)
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With the similar proof as that in [9, Theorem 3.5], it is easy to show that Ω(R,Q) = (↼λ,⇀λ
,⊳λ,⊲λ, fλ, {·λ·}) is a Leibniz conformal extending structure and E ≈ R♮Q as Leibniz conformal
algebras. 
Definition 3.6. Let R be a Leibniz conformal algebra and Q a C[∂]-module. If there exists
a pair of C[∂]-module homomorphisms (u, v), where u : Q → R, v ∈ AutC[∂](Q) such that a
Leibniz conformal extending structure Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ, fλ, {·λ·}) can be obtained
from another one Ω
′
(R,Q) = (↼
′
λ,⇀
′
λ,⊳
′
λ,⊲
′
λ, f
′
λ, {·λ·}
′
) via (u, v) as follows:
a ⇀λ x = v
−1(a ⇀
′
λ v(x)), (16)
a ↼λ x = [aλu(x)] + a ↼
′
λ v(x)− u(a ⇀λ x), (17)
x⊳λ a = v
−1(v(x) ⊳
′
λ a), (18)
x⊲λ a = [u(x)λa] + v(x) ⊲
′
λ a− u(x⊳λ a), (19)
{xλy} = v
−1(u(x) ⇀
′
λ v(y)) + v
−1(v(x) ⊳
′
λ u(y)) + v
−1({v(x)λv(y)}
′
), (20)
fλ(x, y) = [u(x)λu(y)] + u(x) ↼
′
λ v(y) + v(x)⊲
′
λ u(y) + f
′
λ(v(x), v(y)) − u({xλy}), (21)
for all a ∈ R, x, y ∈ Q, then Ω(R,Q) and Ω
′
(R,Q) are called equivalent. In this case, we
denote it by Ω(R,Q) ≡ Ω
′
(R,Q).
In particular, if v = IdQ, then Ω(R,Q) and Ω
′
(R,Q) are called cohomologous. In this case,
we denote it by Ω(R,Q) ≈ Ω
′
(R,Q).
Lemma 3.7. Suppose that Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ, fλ, {·λ·}) and Ω
′
(R,Q) = ( ↼
′
λ ⇀
′
λ,
⊳
′
λ,⊲
′
λ, f
′
λ, {·λ·}
′
) are two Leibniz conformal extending structures of R by Q. Let R♮Q and R♮
′
Q
be the corresponding unified products. Then R♮Q ≡ R♮
′
Q if and only if Ω(R,Q) ≡ Ω
′
(R,Q),
and R♮Q ≈ R♮
′
Q if and only if Ω(R,Q) ≈ Ω
′
(R,Q).
Proof. Let ϕ : R♮Q→ R♮
′
Q be an isomorphism of Leibniz conformal algebras which stabilizes R.
According to that ϕ stabilizes R, ϕ(a, 0) = (a, 0). Then we can assume ϕ(a, x) = (a+u(x), v(x))
where u : Q→ R, v : Q→ Q are two linear maps. Obviously, ϕ is a C[∂]-module homomorphism
if and only if u, v are two C[∂]-module homomorphisms. Similar to that in [9, Lemma 3.6], it
is easy to check that ϕ is an algebra isomorphism which stabilizes R if and only if v is a C[∂]-
module isomorphism, and (16)-(21) hold. Moreover, it is obvious that a Leibiniz conformal
algebra isomorphism ϕ stabilizes R and costabilizes Q if and only if v = IdQ.
Then the results follow from Definition 3.6. 
Now we can give an answer to the C[∂]-split extending structures problem for Leibniz confor-
mal algebras.
Theorem 3.8. Let R be a Leibniz conformal algebra and Q a C[∂]-module. Set E = R ⊕ Q
where the direct sum is the sum of C[∂]-modules.
(1) Denote LH2R(Q,R) := TCL(R,Q)/ ≡. Then the map
LH
2
R(Q,R)→ CExtd(E,R), Ω(R,Q) 7→ (R♮Q, [·λ·]) (22)
is bijective, where Ω(R,Q) is the equivalence class of Ω(R,Q) under ≡.
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(2) Denote LH2(Q,R) := TCL(R,Q)/ ≈. Then the map
LH
2(Q,R)→ CExtd
′
(E,R), Ω(R,Q) 7→ (R♮Q, [·λ·]) (23)
is bijective, where Ω(R,Q) is the equivalence class of Ω(R,Q) under ≈.
Proof. It can be directly obtained from Theorems 3.2, 3.5 and Lemma 3.7. 
4. Unified product when Q = C[∂]x
In this section, we will apply the general theory developed in Section 3 to the special case
when R and Q are free C[∂]-modules with Q = C[∂]x.
Definition 4.1. Let R = C[∂]V be a Leibniz conformal algebra which is free as a C[∂]-module.
A flag datum of the first kind of R is a 5-tuple (hλ(·, ∂), Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) where
P (λ, ∂) ∈ C[λ, ∂], Q0(λ, ∂) ∈ R[λ], hλ(·, ∂) : R → C[λ, ∂] and Dλ : R → R[λ] are two left
conformal linear maps, and Tλ : R → R[λ] is a conformal linear map satisfying the following
conditions (a, b ∈ V ):
hλ+µ([aλb], ∂) = hµ(b, λ+ ∂)hλ(a, ∂) − hλ(a, µ + ∂)hµ(b, ∂), (24)
Dλ+µ([aλb]) = [aλDµ(b)] + hµ(b, λ+ ∂)Dλ(a)− [bµDλ(a)]− hλ(a, µ + ∂)Dµ(b), (25)
Tµ([aλb]) = [aλTµ(b)]− [Dλ(a)λ+µb]− hλ(a,−λ− µ)Tλ+µ(b), (26)
Tµ([aλb]) = [aλTµ(b)] + [Tµ(a)λ+µb], (27)
P (µ, λ+ ∂)hλ(a, ∂) = hλ(a,−λ− µ)P (λ+ µ, ∂) + hλ(a, µ + ∂)P (µ, ∂) + hλ+µ(Dλ(a), ∂), (28)
P (µ, λ+ ∂)Dλ(a) = Dλ+µ(Dλ(a)) + hλ(a,−λ− µ)Q0(λ+ µ, ∂) + Tµ(Dλ(a)) (29)
+hλ(a, µ + ∂)Q0(µ, ∂)− [aλQ0(µ, ∂)],
Dλ+µ(Tµ(a)) +Dλ+µ(Dλ(a)) + hλ(a,−λ− µ)Q0(λ+ µ, ∂) = 0, (30)
hλ(a,−λ− µ)P (λ+ µ, ∂) + hλ+µ(Dλ(a), ∂) + hλ+µ(Tµ(a), ∂) = 0, (31)
P (λ,−λ− µ)Tλ+µ(a) = Tλ(Tµ(a))− [Q0(λ, ∂)λ+µa]− Tµ(Tλ(a)), (32)
Tλ(Q0(µ, ∂)) = Dλ+µ(Q0(λ, ∂)) + P (λ,−λ− µ)Q0(λ+ µ, ∂) + Tµ(Q0(λ, ∂))
+P (λ, µ + ∂)Q0(µ, ∂)− P (µ, λ+ ∂)Q0(λ, ∂), (33)
hλ+µ(Q0(λ, ∂), ∂) + P (λ,−λ− µ)P (λ+ µ, ∂) + P (λ, µ + ∂)P (µ, ∂) − P (µ, λ+ ∂)P (λ, ∂) = 0.
(34)
Definition 4.2. Let R = C[∂]V be a Leibniz conformal algebra which is free as a C[∂]-module.
A flag datum of the second kind of R is a 5-tuple (hλ(·, ∂), Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) where
P (λ, ∂) ∈ C[λ, ∂], Q0(λ, ∂) ∈ R[λ], hλ(·, ∂) : R → C[λ, ∂] and Dλ : R → R[λ] are two left
conformal linear maps and hλ(·, ∂) is a non-trivial map, and Tλ : R → R[λ] is a conformal
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linear map satisfying (24), (25), (29), (33) and the following conditions (a, b ∈ V ):
Tµ([aλb]) = [aλTµ(b)] − h−λ−µ−∂(b, λ+ ∂)Dλ(a)− [Dλ(a)λ+µb]− hλ(a,−λ− µ)Tλ+µ(b), (35)
[Tµ(a)λ+µb] + [Dλ(a)λ+µb] = 0, (36)
P (µ, λ+ ∂)hλ(a, ∂) = hλ(a,−λ− µ)P (λ+ µ, ∂)− h−µ−∂(Dλ(a), ∂)
+hλ(a, µ+ ∂)P (µ, ∂) + hλ+µ(Dλ(a), ∂), (37)
Dλ+µ(Tµ(a)) +Dλ+µ(Dλ(a)) = 0, (38)
hλ+µ(Dλ(a), ∂) + hλ+µ(Tµ(a), ∂) = 0, (39)
P (λ,−λ− µ)Tλ+µ(a) = Tλ(Tµ(a))− h−λ−µ−∂(a, λ+ ∂)Q0(λ, ∂)
−[Q0(λ, ∂)λ+µa]− Tµ(Tλ(a)) + h−λ−µ−∂(a, µ + ∂)Q0(µ, ∂), (40)
P (λ,−λ− µ)h−λ−µ−∂(a, ∂) = h−λ−∂(Tµ(a), ∂) + h−λ−µ−∂(a, λ+ ∂)P (λ, ∂)
−h−µ−∂(Tλ(a), ∂) − h−λ−µ−∂(a, µ + ∂)P (µ, ∂), (41)
−h−λ−∂(Q0(µ, ∂), ∂) = hλ+µ(Q0(λ, ∂), ∂) − h−µ−∂(Q0(λ, ∂), ∂) + P (λ,−λ− µ)P (λ+ µ, ∂)
+P (λ, µ+ ∂)P (µ, ∂) − P (µ, λ+ ∂)P (λ, ∂). (42)
Denote by F1(R) (resp. F2(R)) the set of all flag datums of the first (resp. second) kind of
R. Set F(R) = F1(R)
⋃
F2(R). The elements in F(R) are called flag datums of R.
Proposition 4.3. Let R = C[∂]V be a Leibniz conformal algebra which is a free C[∂]-module and
Q = C[∂]x be a free C[∂]-module of rank 1. Then there is a bijection between the set TCL(R,Q)
of all Leibniz conformal extending structures of R by Q and F(R) = F1(R)
⋃
F2(R).
Proof. Let Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ, fλ, {·λ·}) be a Leibniz conformal extending structure.
Since Q = C[∂]x is a free C[∂]-module of rank 1, we can set
a ⇀λ x = hλ(a, ∂)x, a ↼λ x = Dλ(a),
x⊳λ a = gλ(a, ∂)x, x⊲λ a = Tλ(a),
{xλx} = P (λ, ∂)x, fλ(x, x) = Q0(λ, ∂),
where a ∈ V , P (λ, ∂) ∈ C[λ, ∂], Q0(λ, ∂) ∈ R[λ], and hλ(·, ∂), gλ(·, ∂) : R → C[λ, ∂] and Dλ,
Tλ : R→ R[λ] are linear maps.
Since ↼λ, ⇀λ, ⊳λ and ⊲λ are conformal bilinear maps, we get hλ(·, ∂) and Dλ are left
conformal linear maps, and gλ(·, ∂) and Tλ are two conformal linear maps. By (L6), we get
(gµ(a,−λ− µ) + hλ(a,−λ − µ))gλ+µ(b, ∂) = 0. Therefore, there are two cases: gλ(·, ∂) = 0 and
gµ(a,−λ− µ) = −hλ(a,−λ− µ) with gλ(·, ∂) not a trivial map. When gλ(·, ∂) = 0, it is easy to
check that (L1)-(L14) hold if and only if (24)-(34) are satisfied, i.e. (hλ(·, ∂), Dλ, Tλ, Q0(λ, ∂),
P (λ, ∂)) ∈ F1(R). If gµ(a,−λ−µ) = −hλ(a,−λ−µ) when gλ(·, ∂) is not a trivial map, it is also
easy to get that (L1)-(L14) hold if and only if (24), (25), (29), (33), (35)-(42) are satisfied, i.e.
(hλ(·, ∂), Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ∈ F2(R). 
Suppose that (hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ∈ F1(R). By Proposition 4.3, the Leibniz
conformal algebra corresponding to it is the C[∂]-module R⊕C[∂]x with the following λ-products
[(a, 0)λ(b, 0)] = ([aλb], 0), [(0, x)λ(0, x)] = (Q0(λ, ∂), P (λ, ∂)x), (43)
[(a, 0)λ(0, x)] = (Dλ(a), hλ(a, ∂)x), [(0, x)λ(a, 0)] = (Tλ(a), 0), (44)
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for any a, b ∈ V . We denote this Leibniz conformal algebra by FC1
(
R,C[∂]x | hλ(·, ∂), Dλ, Tλ,
Q0(λ, ∂), P (λ, ∂)
)
.
Similarly, if (hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ∈ F2(R), then the corresponding Leibniz con-
formal algebra is the C[∂]-module R⊕ C[∂]x with the following λ-products
[(a, 0)λ(b, 0)] = ([aλb], 0), [(0, x)λ(0, x)] = (Q0(λ, ∂), P (λ, ∂)x), (45)
[(a, 0)λ(0, x)] = (Dλ(a), hλ(a, ∂)x), [(0, x)λ(a, 0)] = (Tλ(a),−h−λ−∂(a, ∂)x), (46)
for any a, b ∈ V . We denote this Leibniz conformal algebra by FC2
(
R,C[∂]x | hλ(·, ∂), Dλ, Tλ,
Q0(λ, ∂), P (λ, ∂)
)
.
Theorem 4.4. Let R = C[∂]V be a Leibniz conformal algebra and Q = C[∂]x be a free C[∂]-
module of rank 1. Set E = R⊕Q as a C[∂]-module. Then
(1) CExtd(E,R) ∼= LH2R(Q,R)
∼= (F1(R)/ ≡1) ∪ (F2(R)/ ≡2), where ≡1 is the equivalence
relation on F1(R) as follows: (hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ≡1 (h
′
λ(·, ∂), D
′
λ, T
′
λ,
Q
′
0(λ, ∂), P
′
(λ, ∂)) if and only if hλ(·, ∂) = h
′
λ(·, ∂) and there exist u0 ∈ R and β ∈ C\{0}
such that (for all a ∈ R)
Dλ(a) = [aλu0] + βD
′
λ(a)− hλ(a, ∂)u0, (47)
Tλ(a) = [u0λa] + βT
′
λ(a), (48)
P (λ, ∂) = h
′
λ(u0, ∂) + βP
′
(λ, ∂), (49)
Q0(λ, ∂) = [u0λu0] + βD
′
λ(u0) + βT
′
λ(u0) + β
2Q
′
0(λ, ∂) − P (λ, ∂)u0, (50)
and ≡2 is the equivalence relation on F2(R) as follows: (hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂))
≡2 (h
′
λ(·, ∂), D
′
λ, T
′
λ, Q
′
0(λ, ∂), P
′
(λ, ∂)) if and only if hλ(·, ∂) = h
′
λ(·, ∂) and there exist
u0 ∈ R and β ∈ C\{0} such that (for all a ∈ R)
Dλ(a) = [aλu0] + βD
′
λ(a)− hλ(a, ∂)u0, (51)
Tλ(a) = [u0λa] + βT
′
λ(a) + h−λ−∂(a, ∂)u0, (52)
P (λ, ∂) = h
′
λ(u0, ∂)− h
′
−λ−∂(u0, ∂) + βP
′
(λ, ∂), (53)
Q0(λ, ∂) = [u0λu0] + βD
′
λ(u0) + βT
′
λ(u0) + β
2Q
′
0(λ, ∂) − P (λ, ∂)u0. (54)
The bijection between (F1(R)/ ≡1) ∪ (F2(R)/ ≡2) and CExtd(E,R) is given by
(hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂))
1
7→ FC1(R,C[∂]x|hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)),
and
(hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂))
2
7→ FC2(R,C[∂]x|hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)),
where (hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂))
i
is the equivalence class via the relation ≡i for
i ∈ {1, 2}.
(2) CExtd
′
(E,R) ∼= LH2(Q,R) ∼= (F1(R)/ ≈1) ∪ (F2(R)/ ≈2), where ≈i is the equivalence
relation on the set Fi(R) as follows: (hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ≈1 (h
′
λ(·, ∂), D
′
λ,
T
′
λ, Q
′
0(λ, ∂), P
′
(λ, ∂)) if and only if hλ(·, ∂) = h
′
λ(·, ∂), and there exists u0 ∈ R such
that (47)-(50) hold for β = 1, and (hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ≈2 (h
′
λ(·, ∂), D
′
λ,
T
′
λ, Q
′
0(λ, ∂), P
′
(λ, ∂)) if and only if hλ(·, ∂) = h
′
λ(·, ∂), and there exists u0 ∈ R such
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that (51)-(54) hold for β = 1. The bijection between (F1(R)/ ≈1) ∪ (F2(R)/ ≈2) and
CExtd
′
(E,R) is given by
(hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂))
1
7→ FC1(R,C[∂]x|hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)),
and
(hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂))
2
7→ FC2(R,C[∂]x|hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)),
where (hλ(·, ∂),Dλ, Tλ, Q0(λ, ∂), P (λ, ∂))
i
is the equivalence class via the relation ≈i for
i ∈ {1, 2}.
Proof. Since u : Q→ R is a C[∂]-module homomorphism and v ∈ AutC[∂](Q), we set u(x) = u0
and v(x) = βx where u0 ∈ R and β ∈ C\{0}. Then this theorem can be directly obtained from
Lemma 3.7, Theorem 3.8 and Proposition 4.3. 
5. Special cases of unified products and examples
In this section, three special cases of unified products, namely, twisted products, crossed
products and bicrossed products are given, and explicit examples are presented.
5.1. Twisted products. Let Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ,fλ, {·λ·}) be an extending datum of
a Leibniz conformal algebra R by a C[∂]-module Q with↼λ, ⇀λ, ⊳λ, and ⊲λ trivial. We denote
this extending structure simply by Ω(R,Q) = (fλ, {·λ·}). By Theorem 3.2, Ω(R,Q) = (fλ, {·λ·})
is a Leibniz extending structure if and only if (Q, {·λ·}) is a Leibniz conformal algebra and fλ
satisfies
[aλfµ(x, y)] = 0, [fλ(x, y)λ+µa] = 0, (55)
fλ+µ({xλy}, z) + fµ(y, {xλz})− fλ(x, {yµz}) = 0. (56)
We denote the corresponding unified product by R♮fQ and call it the twisted product of R and
Q. The λ-product on R♮fQ is given by
[(a, x)λ(b, y)] = ([aλb] + fλ(x, y), {xλy}), ∀ a, b ∈ R,x, y ∈ Q. (57)
According to (55) and (56), it is easy to get the following.
Proposition 5.1. Let R be a Leibniz conformal algebra with the trivial left-center or trivial
right-center. Then for any Leibniz conformal algebra Q, the twisted product R♮fQ is trivial.
5.2. Crossed products. Let Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ,fλ, {·λ·}) be an extending datum of
a Leibniz conformal algebra R by a C[∂]-module Q with ⇀λ and ⊳λ trivial. We denote this
extending structure simply by Ω(R,Q) = (↼λ,⊲λ, fλ, {·λ·}). By Theorem 3.2, Ω(R,Q) = (↼λ
,⊲λ, fλ, {·λ·}) is a Leibniz extending structure if and only if (Q, {·λ·}) is a Leibniz conformal
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algebra and the following hold
(C1) [aλb] ↼λ+µ x = [aλ(b ↼µ x)]− [bµ(a ↼λ x)],
(C2) x⊲µ [aλb] = [aλ(x⊲µ b)]− [(a ↼λ x)λ+µb],
(C3) [(x⊲µ a)λ+µb] + [(a ↼λ x)λ+µb] = 0,
(C4) a ↼λ {xµy} = (a ↼λ x) ↼λ+µ y + x⊲µ (a ↼λ y)− [aλfµ(x, y)],
(C5) (x⊲µ a)↼λ+µ y + (a ↼λ x) ↼λ+µ y = 0,
(C6) {xλy}⊲λ+µ a = x⊲λ (y ⊲µ a)− [fλ(x, y)λ+µa]− y ⊲µ (x⊲λ a),
(C7) x⊲λ fµ(y, z) = fλ(x, y) ↼λ+µ z + fλ+µ({xλy}, z) + y ⊲µ fλ(x, z)
+fµ(y, {xλz}) − fλ(x, {yµz}).
The unified product associated with Ω(R,Q) = (↼λ,⊲λ, fλ, {·λ·}) is denoted by R♮
f
⊲,↼Q and
called the crossed product of R and Q. The λ-product on R♮f⊲,↼Q is given by
[(a, x)λ(b, y)] = ([aλb] + x⊲λ b+ a ↼λ y + fλ(x, y), {xλy}), (58)
for any a, b ∈ R and x, y ∈ Q. Obviously, R is a bi-sided ideal of R♮f⊲,↼Q.
By Theorem 3.5, we have
Proposition 5.2. Let R be a Leibniz conformal algebra and Q a C[∂]-module. Set E = R ⊕Q
where the direct sum is the sum of C[∂]-modules. Suppose that E is a Leibniz conformal algebra
such that R is a bi-sided ideal of E. Then E is isomorphic to a crossed product R♮f⊲,↼Q.
We have shown that unified product is an effective tool to solve the C[∂]-split extending
structures problem. As a special case of unified product, crossed product can be used to answer
the following problem which is also a special case of C[∂]-split extending structures problem.
Problem 1. Given two Leibniz conformal algebras R and Q. Set E = R ⊕Q where the direct
sum is the sum of C[∂]-modules. Describe and classify all Leibniz conformal algebra structures
on E such that R is a bi-sided ideal of E up to isomorphisms which stablize R.
By the discussions in Section 3, this problem can be solved by the cohomological type object
LH
2
R(Q,R) = TCL(R,Q)/ ≡, where ⊳λ and⇀λ are trivial in these Leibniz conformal extending
structures. For convenience, we denote this cohomological type object by LHC2R(Q,R). In
particular, LH2(Q,R) = TCL(R,Q)/ ≈ with ⊳λ and ⇀λ trivial provides a theoretical answer
to the C[∂]-split extension problem. This cohomological type object is denoted by LHC2(Q,R).
Let R = C[∂]V and Q = C[∂]x. By Theorem 4.4, LHC2R(Q,R) and LHC
2(Q,R) can be
characterized by flag datums of R with hλ(·, ∂) = gλ(·, ∂) = 0. In this case, the flag datums
F1(R) and F2(R) are the same. For convenience, we denote by FC(R) the set of flag datums
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(Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) of R which satisfy (32), (33) and
Dλ+µ([aλb]) = [aλDµ(b)]− [bµDλ(a)], (59)
Tµ([aλb]) = [aλTµ(b)]− [Dλ(a)λ+µb], (60)
Tµ([aλb]) = [aλTµ(b)] + [Tµ(a)λ+µb], (61)
P (µ, λ+ ∂)Dλ(a) = Dλ+µ(Dλ(a)) + Tµ(Dλ(a))− [aλQ0(µ, ∂)], (62)
Dλ+µ(Tµ(a)) +Dλ+µ(Dλ(a)) = 0, (63)
P (λ,−λ− µ)P (λ+ µ, ∂) + P (λ, µ+ ∂)P (µ, ∂) − P (µ, λ+ ∂)P (λ, ∂) = 0. (64)
Moreover, (Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ≡ ( D
′
λ, T
′
λ, Q
′
0(λ, ∂), P
′
(λ, ∂)) if and only if there exist
u0 ∈ R and β ∈ C\{0} such that (for all a ∈ R)
Dλ(a) = [aλu0] + βD
′
λ(a), (65)
Tλ(a) = [u0λa] + βT
′
λ(a), (66)
P (λ, ∂) = βP
′
(λ, ∂), (67)
Q0(λ, ∂) = [u0λu0] + βD
′
λ(u0) + βT
′
λ(u0) + β
2Q
′
0(λ, ∂) − P (λ, ∂)u0. (68)
Whereas (Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ≈ ( D
′
λ, T
′
λ, Q
′
0(λ, ∂), P
′
(λ, ∂)) if and only if (65)-(68) hold
with β = 1. Note that in a flag datum (Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)), Tλ is a conformal derivation
and Dλ is a conformal anti-derivation.
Lemma 5.3. Suppose that R is a Leibniz conformal algebra with the trivial left-center. Then
for any flag datum (Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)), D−λ−∂ = −Tλ.
Proof. By (60) and (61), we get [Dλ(a)λ+µb] + [Tµ(a)λ+µb] = 0. Therefore, [(D−µ−∂(a) +
Tµ(a))λ+µb] = 0. Since R has the trivial left-center, one has D−µ−∂(a) = −Tµ(a) for any a ∈ R.
Thus, D−λ−∂ = −Tλ. 
Proposition 5.4. Let R = C[∂]V be a Leibniz conformal algebra with the trivial left-center and
Q = C[∂]x. Then flag datums (Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ≡ (D
′
λ, T
′
λ, Q
′
0(λ, ∂), P
′
(λ, ∂)) if and
only if there exist u0 ∈ R and β ∈ C\{0} such that (66), (67) and the following hold
[aλu0] = −[u0−λ−∂a], ∀ a ∈ R. (69)
Moreover, flag datums (Dλ, Tλ, Q0(λ, ∂), P (λ, ∂)) ≈ (D
′
λ, T
′
λ, Q
′
0(λ, ∂), P
′
(λ, ∂)) if and only if
there exists u0 ∈ R such that (66), (67) with β = 1 and (69) are satisfied.
Proof. According to Theorem 4.4, we only need to show that (65)-(68) are equivalent to (66),
(67) and (69).
By Lemma 5.3, D−λ−∂ = −Tλ and D
′
−λ−∂ = −T
′
λ. By (66), Tλ(a) = [u0λa] + βT
′
λ(a).
Therefore, Dλ(a) = −T−λ−∂(a) = −[u0−λ−∂a] − βT
′
−λ−∂(a) = −[u0−λ−∂a] + βD
′
λ(a). By (65),
we can get (69).
By (32), we have
P (λ,−λ− µ)Tλ+µ(a) = Tλ(Tµ(a)) − [Q0(λ, ∂)λ+µa]− Tµ(Tλ(a)), (70)
P
′
(λ,−λ− µ)T
′
λ+µ(a) = T
′
λ(T
′
µ(a)) − [Q
′
0(λ, ∂)λ+µa]− T
′
µ(T
′
λ(a)). (71)
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Plugging (66) into (70), we obtain
P (λ,−λ− µ)[u0λ+µa] + β
2P
′
(λ,−λ− µ)T
′
λ+µ(a) = ([u0λ[u0µa]]− [u0µ[u0λa]])
+β(T
′
λ([u0µa])− [u0µT
′
λ(a)])− β(T
′
µ([u0λa])− [u0λT
′
µ(a)])+
β2(T
′
λ(T
′
µ(a))− T
′
µ(T
′
λ(a)))− [Q0(λ, ∂)λ+µa]. (72)
By Jacobi identity, (70) and the fact that Tλ is a conformal derivation, (72) becomes
[P (λ, ∂)u0λ+µa] = β
2[Q
′
0(λ, ∂)λ+µa] + [[u0λu0]λ+µa] + β[T
′
λ(u0)λ+µa]
−β[T
′
µ(u0)λ+µa]− [Q0(λ, ∂)λ+µa].
Therefore, [(P (λ, ∂)u0−β
2Q
′
0(λ, ∂)− [u0λu0]−βT
′
λ(u0)+βD
′
λ(u0)+Q0(λ, ∂))λ+µa] = 0 for any
a ∈ R. Since R has the trivial left-center, we get (68). The proof is finished. 
The following two corollaries are immediate.
Corollary 5.5. Let R = C[∂]V be a Lie conformal algebra with the trivial left-center and
Q = C[∂]x a Leibniz conformal algebra. We obtain
(1) If Q is abelian, then LHC2R(Q,R)
∼= FC(R)/ ≡, where ≡ is the equivalent relation on
FC(R) given by: (Dλ, Tλ, Q0(λ, ∂), 0) ≡ (D
′
λ, T
′
λ, Q
′
0(λ, ∂), 0) if and only if there exists
β ∈ C∗ such that Tλ − βT
′
λ ∈ CInn(R).
(2) If Q is the Virasoro Lie conformal algebra, then LHC2R(Q,R) = LHC
2(Q,R) ∼= FC(R)/ ≈,
where ≈ is the equivalent relation on FC(R) given by: (Dλ, Tλ, Q0(λ, ∂), ∂ + 2λ) ≡
(D
′
λ, T
′
λ, Q
′
0(λ, ∂), ∂ + 2λ) if and only if Tλ − T
′
λ ∈ CInn(R).
Corollary 5.6. Let R = C[∂]V be a Lie conformal algebra with the trivial left-center and
Q = C[∂]x a Leibniz conformal algebra which is either abelian or the Virasoro Lie conformal
algebra. If CDer(R) = CInn(R), then LHC2R(Q,R) = LHC
2(Q,R) = (0, 0, 0, 0).
Finally, we present an example of computing LHC2R(Q,R) and LHC
2(Q,R) in which R is a
Leibniz conformal algebra with a nontrivial left-center.
Example 5.7. Let R = C[∂]L⊕ C[∂]W be a Leibniz conformal algebra satisfying
[LλL] = (∂ + 2λ)L, [LλW ] = (∂ + 2λ)W, [WλL] = [WλW ] = 0. (73)
This algebra was given in [16]. Obviously, R has a nontrivial left-center C[∂]W . Set Q = C[∂]x,
which is either abelian or the Virasoro Lie conformal algebra.
To compute LHC2R(Q,R) and LHC
2(Q,R), we need to determine conformal derivations and
conformal anti-derivations of R. It is not hard to show that all conformal derivations and
conformal anti-derivations of R are inner. Therefore, by the equivalence of flag datums, we can
assume that Tλ = 0, Dλ(W ) = 0 and
Dλ(L) = [Lλ(f(∂)L+ g(∂)W )] = f(λ+ ∂)(∂ + 2λ)L+ g(λ+ ∂)(∂ + 2λ)W, (74)
for some f(λ), g(λ) ∈ C[λ]. By (60), we get [Dλ(L)λ+µL] = 0. Thus, f(λ) = 0 by (74).
Consequently, Dλ(L) = g(λ+∂)(∂+2λ)W . Set u0 = g(∂)W . By (65) and (66), we can assume
that Dλ = Tλ = 0. By (62), we get Q0(λ, ∂) = 0. Therefore, we come to the conclusion that
LHC
2
R(Q,R) = LHC
2(Q,R) = (0, 0, 0, 0) when Q is abelian, and LHC2R(Q,R) = LHC
2(Q,R) =
(0, 0, 0, ∂ + 2λ) when Q is the Virasoro Lie conformal algebra.
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5.3. Bicrossed products. Let Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ,fλ, {·λ·}) be an extending datum
of a Leibniz conformal algebra R by a C[∂]-module Q with fλ trivial. In this case, we denote this
extending structure simply by Ω(R,Q) = (↼λ,⇀λ,⊳λ,⊲λ, {·λ·}). By Theorem 3.2, Ω(R,Q) =
(↼λ,⇀λ,⊳λ,⊲λ, {·λ·}) is a Leibniz extending structure if and only if (Q, {·λ·}) is a Leibniz
conformal algebra, (Q,⇀λ,⊳λ) is a module of R, (R,↼λ,⊲λ) is a module of Q and they satisfy
(L2), (L4), (L5), (L10) and (L12). The associated unified product is denoted by R♮⊳,⊲↼,⇀Q and
we call it the bicrossed product of R and Q. The λ-product on R♮⊳,⊲↼,⇀Q is given by
[(a, x)λ(b, y)] = ([aλb] + a ↼λ y + x⊲λ b, a ⇀λ y + x⊳λ b+ {xλy}), (75)
for any a, b ∈ R and x, y ∈ Q. Note that R and Q are subalgebras of R♮⊳,⊲↼,⇀Q.
By Theorem 3.5, it is easy to get
Proposition 5.8. Let R and Q be two Leibniz conformal algebras. Set E = R ⊕ Q where the
direct sum is the sum of C[∂]-modules. Suppose that E is a Leibniz conformal algebra such that
R and Q are two subalgebras of E. Then E is isomorphic to a bicrossed product R♮⊳,⊲↼,⇀Q.
Similarly, bicrossed products can be used to give an answer to the following problem which
is also a special case of C[∂]-split extending structures problem.
Problem 2 Given two Leibniz conformal algebras R and Q. Set E = R ⊕ Q where the direct
sum is the sum of C[∂]-modules. Describe and classify all Leibniz conformal algebra structures
on E up to isomorphisms which stabilize R such that R and Q are two subalgebras of E.
By the discussions that in Section 3, this problem can be solved by the cohomological type
object LH2R(Q,R) = TCL(R,Q)/ ≡ where in these Leibniz conformal extending structures,
fλ is trivial. For convenience, we denote this cohomological type object by LHB
2
R(Q,R). In
particular, when R = C[∂]V and Q = C[∂]x, LHB2R(Q,R) can be described by flag datums of
R with Q0(λ, ∂) = 0.
Example 5.9. Let R be the Leibniz conformal algebra given in Example 5.7 and Q = C[∂]x the
abelian Leibniz conformal algebra. Note that C[∂]L is the Virasoro Lie conformal algebra and
(Q,⇀λ,⊳λ) is a module of R. Obviously, (Q,⇀λ) is a module of the subalgebra C[∂]L of R.
According to the representation theory of the Virasoro Lie conformal algebra, hλ(L, ∂) = 0 or
hλ(L, ∂) = ∂ + αλ+ β for some α, β ∈ C.
Suppose that hλ(L, ∂) = 0. Setting a = L and b =W in (24), we can directly get hλ(W,∂) = 0.
Then a bicrossed product of R and Q is also a crossed product. By Example 5.7, all flag datums
of R are equivalent to (0, 0, 0, 0, 0).
Now consider the case hλ(L, ∂) = ∂ + αλ+ β. Letting a =W and b = L in (24), one can get
hλ(W,∂) = 0. In the following we compute the flag datums of R.
First, we compute F1(R). By Example 5.7, all conformal derivations of R are inner. There-
fore, by the equivalence of flag datums, we can set Tλ = 0. Then by (26), one can assume that
Dλ(L) = g1(λ, ∂)W and Dλ(W ) = g2(λ, ∂)W for some g1(λ, ∂) and g2(λ, ∂) ∈ C[λ, ∂]. Note
that P (λ, ∂) = 0 and Q0(λ, ∂) = 0. Then it can be directly obtained from (29) that Dλ(W ) = 0.
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Setting a = b = L in (25), one can get
(λ− µ)g1(λ+ µ, ∂) = g1(µ, λ+ ∂)(∂ + 2λ) + (∂ + λ+ αµ+ β)g1(λ, ∂) (76)
−g1(λ, µ + ∂)(∂ + 2µ)− (∂ + µ+ αλ+ β)g1(µ, ∂).
Letting λ = 0 in (76) gives
βg1(µ, ∂) = (∂ + αµ+ β)g1(0, ∂) − (∂ + 2µ)g1(0, µ + ∂) (77)
(A1) If β 6= 0, then g1(µ, ∂) = (∂+αµ+β)g1(∂)−(∂+2µ)g1(µ+∂) with g1(∂) =
g1(0,∂)
β
∈ C[∂].
By the discussions above, F1(R) can be seen the set of flag datums such as (h
α,β
λ (·, ∂),D
g1
λ , 0, 0, 0)
where hα,βλ (L, ∂) = ∂ + αλ + β and h
α,β
λ (W,∂) = 0, D
g1
λ (L) = g1(λ, ∂)W and D
g1
λ (W ) = 0,
where g1(λ, ∂) is a solution of (76). By Theorem 4.4, (h
α,β
λ (·, ∂),D
g1
λ , 0, 0, 0) is equivalent to
(hα,βλ (·, ∂), 0, 0, 0, 0) by setting u0 = −g1(∂)W in (47).
(A2) If β = 0, (hα,0λ (·, ∂),D
g1
λ , 0, 0, 0) is equivalent to (h
α
′
,0
λ (·, ∂),D
g
′
1
λ , 0, 0, 0) if and only if
α = α
′
and there exist γ ∈ C and g(∂) ∈ C[∂] such that
g1(λ, ∂) = (∂ + 2λ)g(λ + ∂)− (∂ + αλ)g(∂) + γg
′
1(λ, ∂). (78)
Therefore, by the discussion above, F1(R) contains the three kinds of flag datums including
(0, 0, 0, 0, 0). Moreover, by Theorem 4.4, the three kinds of flag datums are not equivalent to
each other.
Next, we compute F2(R).
Set Dλ(L) = f1(λ, ∂)L + g1(λ, ∂)W and Dλ(W ) = f2(λ, ∂)L + g2(λ, ∂)W . By (36), Tµ(a) +
D−µ−∂(a) ∈ C[∂, µ]W . Therefore, we can assume that Tλ(L) = −f1(−λ − ∂, ∂)L + g3(λ, ∂)W
and Tλ(W ) = −f2(−λ− ∂, ∂)L + g4(λ, ∂)W . By (37), we get
f1(λ, µ + ∂)((1 − α)∂ − αµ+ β) = f1(λ,−λ− µ)(∂ + α(λ + µ) + β). (79)
Therefore,
f1(λ, ∂) =


0,
f1(λ)(∂ + λ+ β), α = 1,
f1(λ), α = 0,
(80)
where f1(λ) 6= 0.
Suppose that f1(λ, ∂) 6= 0. Therefore,
Dλ(L) =
{
f1(λ)(∂ + λ+ β)L+ g1(λ, ∂)W, α = 1,
f1(λ)L+ g1(λ, ∂)W, α = 0,
(81)
and
Tλ(L) =
{
−f1(−λ− ∂)(−λ+ β)L+ g3(λ, ∂)W, α = 1,
−f1(−λ− ∂)L+ g3(λ, ∂)W, α = 0.
(82)
However, when α = 1, (41) does not hold for a = L. By (41) again, f1(λ) = f1 for some
f1 ∈ C \ {0} when α = 0. But (24) does not hold in this case.
Therefore, Dλ(L) = g1(λ, ∂)W , Tλ(L) = g3(λ, ∂)W . With a similar discussion, one can get
Dλ(W ) = g2(λ, ∂)W and Tλ(W ) = g4(λ, ∂)W .
Setting a = W and b = L in (25), one can immediately obtain that Dλ(W ) = 0. By (40),
Tλ(Tµ(W )) = Tµ(Tλ(W )). Therefore, g4(µ, λ+ ∂)g4(λ, ∂) = g4(λ, µ + ∂)g4(µ, ∂). Consequently,
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we can assume that g4(µ, ∂) = g4(µ) for some g4(µ) ∈ C[∂]. Setting a = L and b = W in (34),
we can obtain
(∂ + 2λ+ µ)g4(µ, ∂) = g4(µ, λ+ ∂)(∂ + 2λ)− ((α − 1)λ− µ+ β)g4(λ+ µ, ∂). (83)
It follows that µg4(µ) = ((1−α)λ+µ−β)g4(λ+µ). Therefore, g4(µ) = 0 or g4(µ) = k for some
k ∈ C \ {0} when α = 1 and β = 0, i.e. Tλ(W ) = 0 or Tλ(W ) = k1W for some k1 ∈ C \ {0}
when α = 1 and β = 0.
(B1) Suppose that Tλ(W ) = k1W for some k1 ∈ C \ {0} with α = 1 and β = 0. By (29), we
can get Dλ(L) = 0. According to (40) with a = L, one can obtain g3(µ, λ + ∂) = g3(λ, µ + ∂).
Therefore, we can assume that g3(λ, ∂) = g3(λ+ ∂) for some g3(λ) ∈ C[λ]. Taking it into (34)
with a = b = L, we have g3(µ+ ∂) = g3(λ+ µ+ ∂), which gives g3(λ) = k2 for some k2 ∈ C.
In this case, all flag datums of the second kind of R are of the form (h1,0λ (·, ∂), 0, T
k1 ,k2
λ , 0, 0),
where h1,0λ (L, ∂) = ∂ + λ, h
1,0
λ (W,∂) = 0, T
k1,k2
λ (L) = k2W and T
k1,k2
λ (W ) = k1W with k1 ∈
C \ {0} and k2 ∈ C. By Theorem 4.4, (h
1,0
λ (·, ∂), 0, T
k1 ,k2
λ , 0, 0) ≡ (h
1,0
λ (·, ∂), 0, T
k
′
1
,k
′
2
λ , 0, 0) if and
only if there exists some c ∈ C \ {0}, such that k1 = ck
′
1, k2 = ck
′
2.
(B2) Suppose that Tλ(W ) = 0. Setting a = b = L in (34), we have
(∂ + µ+ 2λ)g3(µ, ∂) = g3(µ, λ+ ∂)(∂ + 2λ)− ((1− α)∂ − αµ + (1− α)λ+ β)g1(λ, ∂) (84)
−((α− 1)λ− µ+ β)g3(λ+ µ, ∂).
Letting λ = 0 in the above equality, one can get
βg3(µ, ∂) = −((1− α)∂ − αµ+ β)g1(0, ∂). (85)
If β 6= 0, g3(µ, ∂) = −((1 − α)∂ − αµ + β)g1(∂), with g1(∂) =
g1(0,∂)
β
. In this case, F2(R)
is the set of flag datums of the form (hα,βλ (·, ∂),D
g1
λ , T
g3
λ , 0, 0) where h
α,β
λ (L, ∂) = ∂ + αλ + β
and hα,βλ (W,∂) = 0, D
g1
λ (L) = g1(λ, ∂)W , D
g1
λ (W ) = 0, T
g3
λ (L) = g3(λ, ∂)W and T
g3
λ (W ) = 0,
where g1(λ, ∂) is a solution of (76) and g3(λ, ∂) is a solution of (84). When β 6= 0, by Theorem
4.4, (hα,βλ (·, ∂),D
g1
λ , T
g3
λ , 0, 0) is equivalent to (h
α,β
λ (·, ∂), 0, 0, 0, 0) by setting u0 = −g1(∂)W in
Theorem 4.4.
When β = 0, (hα,0λ (·, ∂),D
g1
λ , T
g3
λ , 0, 0) is equivalent to (h
α
′
,0
λ (·, ∂),D
g
′
1
λ , T
g
′
3
λ , 0, 0) if and only if
α = α
′
and there exist γ ∈ C and g(∂) ∈ C[∂] such that
g1(λ, ∂) = (∂ + 2λ)g(λ + ∂)− (∂ + αλ)g(∂) + γg
′
1(λ, ∂), (86)
g3(λ, ∂) = γg
′
3(λ, ∂) + ((1− α)∂ − αλ)g(∂). (87)
According to the discussion above, F2(R) contains the three kinds of flag datums, and also
they are not equivalent to each other.
Therefore, LHB2R(Q,R) can be described by the six kinds of flag datums above under the
corresponding equivalent relations.
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